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Abstract. While the sign problem of the Dirac fermion is conditioned by the semi-
positivity of a determinant, that of the Majorana fermion is conditioned by the semi-
positivity of a Pfaffian. We introduce one sufficient condition for the semi-positivity of
a Pfaffian. Based on the semi-positivity condition, we study an effective model of the
Majorana fermion. We also present the application to the Dirac fermion.
1 Majorana positivity
The sign problem is one of the most important subjects in computational physics. There are many
fermion systems with the sign problem, such as QCD with quark chemical potential and the repulsive
Hubbard model. There are also many fermion systems without the sign problem, such as QCD with
isospin chemical potential and the attractive Hubbard model. The study of such sign-problem-free
systems is useful for us since it can be exactly performed by the Monte Carlo method. How can we
discover new sign-problem-free theory?
The conventional argument on the absence condition of the fermion sign problem is as follows.
When the action is written by the Dirac (or complex) fermion as
S ψ =
∫
ddxψ¯Dψ, (1)
the path integral is given by
Z =
∫
Dψ¯DψDA e−S ψ−S A
=
∫
DA detD e−S A . (2)
If the determinant is semi-positive,
detD ≥ 0, (3)
the theory is sign-problem free. Here we introduce unconventional argument. When the action is
given by the Majorana (or real) fermion as
SΨ =
∫
ddx
1
2
Ψ>PΨ, (4)
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the path integral is given by
Z =
∫
DΨDA e−SΨ−S A
=
∫
DA pfP e−S A . (5)
The determinant detD is replaced by the Pfaffian pfP. The sign-problem-free condition becomes the
semi-positivity of the Pfaffian
pfP ≥ 0. (6)
This argument based on the semi-positivity of a Pfaffian is called the Majorana positivity. The Ma-
jorana positivity is applicable not only to Majorana fermions but also to Dirac fermions. One Dirac
fermion is decomposed into two Majorana fermions,
ψ =
1√
2
(Ψ1 + iΨ2). (7)
The path integral is written by the two Majorana fermions and its sign-problem-free condition is
given by the semi-positivity of their Pfaffian. The Majorana positivity was originally proposed to find
sign-problem-free fermion models in condensed matter physics [1].
The Pfaffian is defined for even-dimensional anti-symmetric matrices. The general form is
P =
(
P1 iP2
−iP>2 P3
)
, (8)
where P1 and P3 are anti-symmetric block matrices. We assume the block matrices P1, P2, and P3 are
even-dimensional although it is not essential [2]. In general, the Majorana positivity condition is not
unique. We present one sufficient condition. If both of
condition 1 P2 is semi-positive
condition 2 P3 = −P†1 and P2 = P†2
are satisfied, the Pfaffian pfP is semi-positive definite [2]. In this presentation, we will not show the
mathematical proof but show the examples satisfying this Majorana positivity condition. We use the
lattice unit in all the following equations.
Before showing the examples, we briefly comment on simulation scheme. When the Majorana
positivity condition is satisfied, the simulation scheme is straightforward. Because of pfP ≥ 0,
Z =
∫
DA pfP e−S A
=
∫
DA (det P)
1
2 e−S A
=
∫
DA (det PP†)
1
4 e−S A . (9)
This is the standard form simulated by the Hybrid Monte Carlo method with pseudo-fermion fields.
Note that, if pfP is indefinite, Eq. (9) does not hold true because of nontrivial phase factors.
2 Majorana fermions in 1+1 dimensions
The first example is the Majorana fermion. One motivation to study the Majorana fermion is super-
symmetry in particle physics [3]. It is also studied in condensed matter physics, for example, in the
context of the surface states of topological superconductors [4].
Let us consider the two-component Majorana fermion
Ψ =
(
Ψ↑
Ψ↓
)
(10)
and the action
S =
∫
d2x
[
1
2
Ψ>(∂τ + iσ3∂x + mσ2)Ψ − g(Ψ↑∂xΨ↑)(Ψ↓∂xΨ↓)
]
. (11)
This theory is an effective model of Majorana zero modes [5]. The four-fermion interaction term is
transformed by the Hubbard-Stratonovich method. After the transformation, the action is
SΨ =
∫
d2x
1
2
Ψ> {∂τ + (iσ3 + A)∂x + mσ2}Ψ (12)
S A =
∫
d2x
1
2g
A2. (13)
For lattice simulation, we introduce the Wilson term
Wσ2 ≡ −
∑
µ
∂2µ
2
σ2 (14)
and replace continuous derivatives by discrete differences
∂µΨ(x) ≡ 12 {Ψ(x + µˆ) − Ψ(x − µˆ)} (15)
∂2µΨ(x) ≡ Ψ(x + µˆ) + Ψ(x − µˆ) − 2Ψ(x), (16)
where µˆ is the lattice vector in µ direction. The resulting matrix is
P =
(
∂τ + Dx −i(m + W)
i(m + W) ∂τ + D∗x
)
, (17)
where the matrix Dx is defined by
DxΨs(x) ≡ 12 [{i + A(x)}Ψs(x + xˆ) − {i + A(x − xˆ)}Ψs(x − xˆ)] . (18)
It is easy to see the matrix P satisfies the Majorana positivity condition.
The classical action (11) has time-reversal symmetry at m = 0, but quantum effect breaks it spon-
taneously. The order parameter, the pair condensate 〈iΨ↑Ψ↓〉, is shown in Fig. 1. The difference
between the interacting case g = 1 and the non-interacting case g = 0 increases at low temperature.
This suggests spontaneous breaking of time-reversal symmetry. This phenomenon is just like spon-
taneous chiral symmetry breaking of the Dirac fermion. In Fig. 1, we have nonzero condensate even
in the non-interacting case because of the Wilson term (14), like nonzero chiral condensate of the
Wilson-Dirac fermion.
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Figure 1. Pair condensate 〈iΨ↑Ψ↓〉. The simulation was done at m = 0 and with the spatial lattice size Ns = 32.
3 Dirac fermions in 1+1 dimensions
The second example is the Dirac fermion. Although the Majorana positivity is applicable to any
Dirac fermion, we here consider the Dirac fermion theory with a Majorana-type term. The examples
of the Majorana-type term are the Cooper pair source for electromagnetic superconductivity and the
diquark source for color superconductivity. In condensed matter physics, the Cooper pair source can
be physically generated by the proximity effect [4].
In 1+1 dimensions, we have the two-component Dirac fermion
ψ =
(
ψ↑
ψ↓
)
(19)
and the charge conjugation ψc. Let us consider the action including the source term of the Cooper
pair,
S =
∫
d2x
[
ψ(σ2∂τ + σ1∂x + m)ψ − ∆2
(
ψcψ + ψψc
)
+
g
2
(ψ†ψ)2
]
. (20)
We use the Hubbard-Stratonovich transformation and obtain
SΨ =
∫
d2x
[
ψ{σ2(∂τ + iA) + σ1∂x + m}ψ − ∆2
(
ψcψ + ψψc
)]
=
∫
d2x
[
ψ>c C{σ2(∂τ + iA) + σ1∂x + m}ψ −
∆
2
(
ψ>Cψ + ψ>c Cψc
)]
(21)
S A =
∫
d2x
1
2g
A2 (22)
with the charge conjugation matrix C = iσ2. Transforming to the Majorana field
ψ =
1√
2
(Ψ1 + iΨ2) (23)
ψc =
1√
2
(Ψ1 − iΨ2) (24)
and using the basis
Ψ =

Ψ↑1
Ψ↑2
Ψ↓1
Ψ↓2
 , (25)
we obtain
P =

i∂τ + ∂x −iA m + W − ∆ 0
iA i∂τ + ∂x 0 m + W + ∆
−(m + W − ∆) 0 i∂τ − ∂x −iA
0 −(m + W + ∆) iA i∂τ − ∂x
 . (26)
However, the Majorana positivity is not manifest in this basis. We change the basis
Ψ→ Ψ′ =

Ψ↑1
Ψ↑2
−iΨ↓1
−iΨ↓2
 , (27)
and obtain
P→ P′ =

i∂τ + ∂x −iA i(m + W − ∆) 0
iA i∂τ + ∂x 0 i(m + W + ∆)
−i(m + W − ∆) 0 −i∂τ + ∂x iA
0 −i(m + W + ∆) −iA −i∂τ + ∂x
 . (28)
Since m + W ≥ m, the Majorana positivity condition is satisfied when m ≥ |∆|.
The simulation result is shown in Fig. 2. Since we introduced the source term of the Cooper pair,
the Cooper pair condensate 〈ψ>Cψ+ψ>c Cψc〉/2 is nonzero even in the non-interacting case g = 0. The
condensate is suppressed in the interacting case g = 0.1 because the repulsive interaction destroys the
Cooper pair.
4 Dirac fermions in 3+1 dimensions
Although the (1+1)-dimensional toy models are shown above, the Majorana positivity can be applied
to any dimension. We also analyzed relativistic Dirac spinors in 3+1 dimensions. We classified possi-
ble sign-problem-free terms and their conditions. Known sign-problem-free terms were classified and
new sign-problem-free terms were found. The result is summarized in the tables in Ref. [2].
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Figure 2. Cooper pair condensate 〈ψ>Cψ + ψ>c Cψc〉/2. The simulation was done at m = 0.1 and with the lattice
volume NτNs = 162.
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